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we define the numerical flux by

MU, Uy)=FPYV),(0,0)]

Aigebraic Exbression of the Numerical Flux
For i€ S, the Hermite interpolation polynomial p;(w) intro-
duced previously is defined by
piw)=aw?+bw?+cw
with
a= NU)+NUi—) =23

of

IR 2N (U ) = ()

2%

b

c=NU;-y)

The modified numerical flux has the expression

resolution of a Riemann problem associated with a Hermite
interpolation of the physical flux. In the scalar convex case,
we have proved. convergence of the method of lines to the
unique entropy solution. Numerical results’ for the Euler
equations extend the conclusions of the scalar case.
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MU U)=FU)+ Y NaR(U,U)
ie S, MR<0
+ Lpi(67)RAU,,U,)
i€S
where
0F =

is the argument of the unique extremum of g; between 0 and
oj.

, Remark
Note that when «; is positive, £:(8#) is the unique minimum
of the polynomial p; between 0 and «; and we have

£(67)=<0
g0)=No;

It is ‘eésy to see that our numerical flux can be written in a
centered form that makes the added numerical viscosity ex-
plicit:

BPM(U, U,) = BR(U,, Uy)

+‘.€ES sup [&(6}); £:(67) — Nf 1R(U, U,)
where ®*(U, U,) is the classical Roe flux.!

Theorem: Convergence to the Unique Entropy Solution

Lét fbe a convex scalar flux and #? initial data in L= (R)N
BV(R). The semidiscrete numerical scheme:

du; 1
th =" [@PM(u;, ujp ) — 21y, uy)l
with
| [G+on
”j(0)=z S u%x) dx
G—1/Dh

where £/ is the mesh step, converges to the unique entropy
solution of Eq. (1) with initial data u° (see proof in Ref. 4).

Conclusions

We have pfoﬁos'ed a nonparameterized approach to entropy
enforcement for Roe-type schemes. It is based on the exact

INE = 2N (Ui- ) = NU) + VBN = N(UD) = N (Ui )P = N (Ui )Ni(U))
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Introduction

J T NSTEADY transonic channel flows with shock waves,

such as inlet flows for air-breathing engines, have re-
ceived considerable attention. Unsteadiness in the flow may
arise from pressure pulses caused by combustion or ignition
far downstream of the channel. The avoidance of these un-
wanted, unsteady flow phenomena is desirable, and under-
standing of their flow structures would be beneficial for air-
craft design.

Methods for studying this problem were primarily the
asymptotic expansion methods,’? numerical methods,>* or
both.? Richey and Adamson! have found that, in the slowly
time-varying regime, the amplitude of shock oscillation is of
order ¢ if the imposed pressure fluctuation has amplitude of
order € and period of order e~!, where ¢ denotes a small
parameter used to measure the difference between the flow
velocity and the sound speed. Adamson et al.? have found that
small changes in imposed pressures can cause large-amplitude
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Fig. 1 Sketch of a channel and its coordinates.

shock wave motion. Liou and Coakley? used the Reynolds-av-
eraged Navier-Stokes equations to simulate forced and self-ex-
cited oscillations of transonic flows in two-dimensional dif-
fusers. Hseih* studied downstream boundary effects on the
frequency of self-excited oscillations in transonic diffusers.
Bolcs et al.’ investigated inviscid unsteady flows through noz-
zles and noted that the nozzle geometry was an important
parameter. Biedron and Adamson® presented a unified solu-
tion containing fundamentally unsteady and quasisteady
flows. They employed asymptotic and numerical methods to
study the effect of the boundary layer thickness on the shock
wave motion.

In this study the objective is to compare the difference of
forced shock oscillations between the two-dimensional and
one-dimensional channel flows with different values of chan-
nel expansion ratio 4 /h,. Define the parameter 7 as the differ-
ence between the channel exit area 4 and the throat area #,
divided by the throat area 4;, i.e., 7= h/h, — 1, as shown in
Fig. 1. The corresponding maximum area change in the chan-
nel is 7/(r + 1). Generally speaking, asymptoti¢ methods are
valid only for small values of 7 compared to 1; for large values
of 7, numerical methods are called for. In addition to the
parameter 7, the influence of amplitude and frequency of the
imposed pressure on the shock movement is explored exten-
sively. The numerical results are obtained by solving the Euler
equations by using a time-accurate scheme.” Because of space
limitations, only some prominent flow characteristics are re-
ported. ‘ o

Mathematical Formulation and Numerical Method

Mathematical Formulation

By neglecting viscous effects, the equations governing the
transonic unsteady channel flow are the Euler equations

U + 3 FU)+9,G(U)=0 )]
where
o ou pv
U = pu  F= pu? +p, . G= pzuv
f% puyv py<+p
E D +plu (E + p)v

and p is the density, (u,v) the velocity components in the
Cartesian coordinates, p the pressure, E = p[e + (42 + v%)/2]
the total energy per unit volume, and e the specific internal
energy. Assuming that the flow is a perfect gas with a constant
specific heat ratio vy, the equation of state is ‘

(v — DIE ~ 0.5p(u> + v?)] )

For easy use of the boundary condition on the wall, body

fitted coordinates (£, n) are used. After the coordinate trans-
formation, Eq. (1) can be expressed by

oaU+aF+3,6=0 €)]

where U= U/J,F = (£,F + £,G)/J,G = (9 F +1,G)/J, and

J = &:m, — £,n,, the Jacobian representing the area of a con-
trol element.

Numerical Method

Let Af be the time step and the grid spacing be denoted by
At and Ay such that £ =jA¢ and g =kAy. Also, let A
= At/Af and N = At/An. A two-parameter family of explicit
and implicit total variation diminishing (TVD) type algorithms
for Eq. (3) in a finite volume approach can be written as?

Tn )\20 n+ 1 n+ 1
AUP + 1__*_—w[F'j+ ok — F7 1]

Ng -
1+ w[Gf?’:‘er 2= Gl
(1 - 6N _ o
" H+e [ vk — B 104]
d=-0N -, <n [ e
Tt [Glxv12— Gli—12l + mAU,{‘k ! (€]

where AU?, = O%t' — U7,. The functions Fj.ipx and
G, 1+ 1,2 are the numerical fluxes in the £ and 7 directions
evaluated at (j + 1/2, k) and (j, k + 1/2), respectively. The
scheme is second order in time if § = w + 1/2 and is first order
otherwise. In this note, we set w = 0 and 6 = 1 for steady-state
calculation and 6 = 1/2 for unsteady flow calculation. The
spatial accuracy of Eq. (4) c_i_epends on the numerical flux. For

example, Harten? defined F;, 1,5 as

1 .
Fiiop = E[FH Lk + e+ Riv124® 126/ Jjv 1241 G)

where R denotes the matrix consisting of the right eigenvectors
of the Jacobian 8F/dU and @ the column vector composed of
the elements denoted by ¢!:

1
¢§+ 126 = ‘2‘¢(aj[+ 1/2,k)(gjl,k + ng+ L&)

/ ! /
=@y 12x T e 1200% 1 U2k ©

Here the function ¢ is an entropy correction® given by

Iz, lz1 =6;
¢(z)={ z @ = @

(z2 + 6%/26, lz1<$8

In this study, the parameter § is set to be 1/8. Note that the
variable @/, | /2410 Eq. (6) denotes the characteristic speed for
the Jacobian dF/9U and is evaluated by the Roe average' at
the interface between U and Uj . 1., and note that the vari-
able r{, |/, is the characteristic speed for the limiter g;, 1/2,c
which is defined as

I ! ! 1 I .

Vala) 1 124 08 4 12,6 — k) %s 120 %a1/ne 705

r.l = J

i+ 1/2,k 0, ! o
iy 12.k =

®

In Eq. (8), the limiter g/, is defined as g/, = minmod (o} _ /5
oz},r 1/2.4), and oz} + 12,4 are the characteristic variables, i.e., the
elements of R;% Y24 (Uj+ 1.4 — Uy ). The minmod function of
two or more arguments is equal to the smallest number in
absolute value if all of the arguments are of the same sign, or
the function is equal to zero if any two arguments are of
opposite sign. The numerical flux in the n direction Gjx + 1,2 is
constructed in the same fashion. Later, Yee!' modified the
Harten schieme by replacing g + &+ 1,& by minmod (o _ 12k,
@y 12> @ +3/2,k)- The authors found that a further modifica-
tion on the Yee scheme by replacing g, x + g;+ 1.« a5 minmod
(@~ 3720 Q= 172,k %t 1/2,k) can lead to an accurate scheme
with fast convergence for steady-state flow calculation,’ since
more appropriate weighting on the initial data is used in the
scheme. Finally, approximate factorization and linearization
are employed for solving the discretized equation.'?
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Boundary Conditions

On Body Surfaces

The boundary condition on the body surface is the tangency
condition. The tangential contravariant velocity components
on the boundary are extrapolated from interior points, as
suggested by Hung.'® Using the known p,, at the cell centers
next to the wall, the pressure on the body surface is computed
from the normal momentum equation:

pu (Tlxué + ﬂyvé) = - [(gx"]x + fy”ly)Pg + (77)2; + Tli)pn] ©®

For steady flows, the density on the body is calculated from
the equation for total enthalpy, using the computed pressure
and velocity, since the freestream stagnation enthalpy Hj is
held constant along the body. For unsteady flows, the density
on the body is obtained from extrapolation, since the total
enthalpy is not constant along the particle path.

At Upstream and Downstream Boundaries

For subsonic inflow and outflow in the present case, locally
one-dimensional Riemann invariants are used at upstream and
downstream boundaries. The locally one-dimensional
Riemann invariants are given in terms of the normal velocity
components and the characteristic velocities N, = V,,
M=V, +a, and \; =V, —a. Two invariants are prescribed
at the inlet, and back pressure is imposed at the exit. Other
flow variables at the inlet or outlet are calculated by the
characteristic equations through iteration.

Results and Discussion

In this study, the channel with length L and a circular-arc
throat is chosen. The channel starts at x = ~ 0.5 and is termi-
nated at x = 1.5; thus, L = 2. The channel throat is located at
x = 0.5, and the throat area is chosen to be two units (or
h,/2 =1). The imposed back pressure is chosen such that a
subsonic inflow passed through the channel and produces a
normal shock approximately at the middle (about x = 0.8) of
the divergent diffuser. The value of parameter 7 ranges from
1% to 20%. In order to produce a steady shock wave in the
channel, the back pressure chosen for 7 = 1%, 5%, 10%, and
20% are 0.5938P;, 0.666P;, 0.71P,, and 0.712P,, respectively,
where P, is the inflow total pressure. Flow unsteadiness is
introduced by perturbing the steady back pressure:

Pb = Pb, steady + P Sin[k(t - tO)] (10)
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Fig.2 Shock oscillation of a two-dimensional channel flow, 7 = 5%,
k =0.01, and P = 0.006.
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Fig. 3 Variation of average shock position and shock amplitude vs
the reduced frequency, r = 10%, P = 0.0195.

where k, P are the reduced frequency and amplitude of the
imposed pressure, respectively.

The grid used is 60 x 16 for half computational domain.
The Courant number is selected to be 1.5 in order to have a
larger time step. All numerical results were performed on a
workstation DEC-5000/120.

Shock Movement

A videotape was used in this study to record and observe the
shock movement in the channel flow. Figure 2 shows the
shock movements at the shock root and at a distance of 0.4
from the wall for 7 = 5%. Similar figures can be obtained for
7= 10% and 7= 20%, which are not shown due to space
limitations. It is found that the normal shock does not oscil-
late uniformly with the same amplitude. The shock amplitude
at a distance of 0.4 away from the wall is about 1.8, 2.7, and
2.3 times larger than that at the shock root for 7 = 5%, 10%
and 7 = 20%, respectively. Note that for 7 = 20%, the shock
amplitude at a distance of 0.6 away from the wall is about 4.2
times larger than that at the shock root. Thus, it is concluded
that the amplitude of shock oscillation increases along the
shock wave while the shock weakens. Moreover, the ampli-
tude of shock oscillation is greatly influenced by the channel
expansion ratio.

The finding that amplitude of shock movement depends on
the shock strength was also found in a quasi-one-dimensional
channel flow. In this case, two shock waves with the pressure
jumps AP = 0.098 and 0.16, located initially at x = 0.725 and
x = 0.875, were observed for their movements after the back
pressure is perturbed from Pj geqay = 0.67 and 0.66, respec-
tively. In both cases, X is set to be 0.04. It was found that the
amplitude of the weaker shock was about 2.6 times larger than
that for the stronger shock. :

As reported by Biedron and Adamson,® the shock ampli-
tude and the average shock position were linearly proportional
to the reduced frequency for pressures at moderate frequen-
cies [k = O (1)]. However, nonlinearity occurred for pressures
at low frequencies (k < 1). Figure 3 shows the shock ampli-
tudes (X, amp) and the average shock positions (Xj, 4v.) at the
shock root and at a distance of 0.267 from the wall, respec-
tively, at different reduced frequencies for 7 = 10%. It is seen
that nonlinearity occurs for £ <0.21, and the shock amplitude
decreases and the average shock position is moved down-
stream as the reduced frequency is increased. It is seen that the
two-dimensional results are quite different from the quasi-
one-dimensional results.

For the channel flow to be in choked conditions, proper
values of amplitude and reduced frequency of the perturbed
pressure need to be carefully chosen. Namely, there exists an
envelope that divides the flow into two regimes: choked and
unchoked flows. Numerical calculations indicated that the
CPU time needed for the two-dimensional channel flow is
about 15 times greater than that for the corresponding quasi-
one-dimensional flow. Thus, a quickly obtained envelope in
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the amplitude-frequency diagram is presented as a reference
for calculation of the two-dimensional flow. Figure 4 shows
the envelope of one-dimensional choked flows for 7= 1%,
5%, and 10%. The envelope for 7= 1% is approximated by
Ppax = 0.095k + 0.00135. Surprisingly, the frequency-ampli-
tude curve for 7 = 10% is almost linear and parallel to those
curves for 7= 1% and 5%. Unchoked flows occur in the
upper half regions above the straight lines and out on the
curves. Since the shock strength becomes weaker away from
the shock root and a weaker shock has a larger oscillation
amplitude, it is expected that the envelope for a two-dimen-
sional flow would be lower than that for the one-dimensional
flow.

The result of Fig. 4 indicates that, for choked flows, the
maximum amplitude (Pp,,) of the imposed fluctuating pres-
sure found for 7 = 10% is 1.86 times the maximum magnitude
for 7= 5% thickness wall and 3.21 times that for == 1%.
Namely, the choked flow in a channel with larger expansion
ratio allows a larger variation in the perturbed pressure. The
maximal variation of perturbed pressure found for each case is
approximately 3% or less of the steady-state back pressure for
the range of &k varying from 0.001 to 0.09. One can expect
that, for the two-dimensional flows, the allowed maximum
disturbance in the imposed pressure would be less than 3%.

Phase Lag

In Ref. 6, Biedron and Adamson found that there existed a
phase lag of shock oscillation. It is interesting to know the
difference of phase lag between the two-dimensional and cor-
responding quasi-one-dimensional problems. In the two-di-
mensional flow, one found the phase lag does not significantly
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Fig. 4 Envelopes for quasi-one-dimensional flows to be in a choked
condition.
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Fig. S Comparison of phase lags for two-dimensional and quasi-
one-dimensional flows with different channel expansion ratios.

change along the shock wave as the shock amplitude does.
Figure 5 shows the comparison of phase lag for the two-di-
mensional and corresponding one-dimensional flows for dif-
ferent channel expansion ratios. These results indicate that the

~ phase lag in the two-dimensional flow is less serious than (and

hence bounded by) that for the one-dimensional flow. More-
over, in the limit of k approaching zero, it appears that there
is no phase lag. This limiting result agrees with the result of
Biedron and Adamson. Since the CPU time (7 min) needed for -
the one-dimensional case is much less than that (110 min) for
the two-dimensional case, the quasi-one-dimensional flow can
provide a quick estimate.

Conclusion

A computational study of two-dimensional forced shock-
wave motions in a channel with different expansion ratios is
presented. Envelopes for the channel flows to be in a choked
condition are shown. The phase lag of shock oscillation found
for the two-dimensional flow is limited by that for the corre-
sponding quasi-one-dimensional flow, which provides a fast
estimate for engineering application. For choked flows, a
channel with larger expansion ratio allows larger variation in
the perturbed pressure. The larger the reduced frequency, the
smaller the shock amplitude and the farther downstream the
average shock position.
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